
For the Learning of Mathematics 30, 2 (July, 2010)
FLM Publishing Association, Edmonton, Alberta, Canada

Many years ago, in a landmark article, Lettvin, Maturana,
McCulloch, and Pitts (1959) identified some image operations
in the frog’s visual system. Endowed with these basic opera-
tions (which include curvature and motion) the frog can,
within certain limits, make perceptual distinctions. Thus,
while it seems unable to see motionless prey and hence starves
in a cage filled with dead insects (Roth, 1986), the frog is able
to distinguish moving prey of different size (Anderson, 1993)
and colour (Hatle & Salazar, 2001). With a considerably more
complex visual system humans can discern a greater and more
extraordinary panoply of differences and similarities. Were we
humans left without this discerning capability, concept for-
mation would simply be impossible. The world in front of us
would be reduced to myriads of single and incommensurable
facts: everything would be different from everything else and
resemblances between things would be impossible to imagine.
We would not be able to generalize, for as Kant (1800/1974)
contended, generalization rests on synthesizing resemblances
between different things and also differences between resem-
bling things. But how do we learn to make distinctions? How
do we learn to tell the similar from the different?

The basic operations of the frog’s visual system are genet-
ically built in and constitute what Lettvin et al. call, using a
Kantian term, the physiological synthetic a priori – i.e., the
physiological substratum that allows the frog to see the
world the way it does. What about humans?

Research dealing with perception suggests that babies
start noticing resemblances and differences in the early post-
natal years. Although at birth the pupils are not yet fully
dilated leading to a limited capacity for object fixation and
discrimination, visual sensitivity develops gradually over
the course of the first years. By 5 to 6 months, infants
become visually aware of their environment and eye and
hand movements become coordinated. By 5 to 7 years, the
basic functions associated with the child’s cortical sensory
areas have completed their development. The child’s basic
sensory processing abilities match the adult’s (Atkinson,
2000; Farroni & Menon, 2008). At this age, we can think,
in principle the child can see the world as the adult does.

In fact, this is not exactly the case. What could be called the
human’s physiological synthetic a priori turns out to be highly
sensitive to the social context and the development of other
sensorial organs that come to affect the way we see the world.
The development of vision includes indeed several cortical
and subcortical areas. As a result, like all sensory experience,

visual experience “can influence the way the brain wires itself
up after birth” (Farroni & Menon, 2008, p. 5). In the end, what
we see is not the result of direct inputs but of stimuli already
filtered by meanings and information about objects and events
in the world – meanings conveyed by language and other cul-
tural semiotic systems. Thus, in contrast to the frog’s
perception, rather than being a purely biological act, human
perception is a social process through and through. It is, as
Wartofsky put it, “a cultural artifact shaped by our own his-
torically changing practices” (1984, p. 865).

The understanding of the social manners in which we
come to perceive concrete things and generalize them in
synthesizing experiences is, of course, a major theme of edu-
cational research. That there are many such manners, some
definitely incompatible with others, is largely attested to by
results from research conducted in different fields such as
history, sociology, anthropology (Dzobo, 1980; Kawagley,
1990) and mathematics (e.g., Bowers & Lepi, 1975; Crump,
1990; Harris, 1991). The issue is that despite what Piaget-
ian and other rational epistemologies and their associated
theories of human development have claimed, there are
uncountable manners of abstracting and generalizing the
always individual and contingent facts intuitively given to us
by the senses and filtered by culture. In the course of our
ontogenetic development, the senses and our understandings
become shaped in certain historically formed ways as we
engage in sociocultural practices.

In this article, I focus on a topic that has gained more and
more interest in the past few years, namely generalization of,
and pattern search in, elementary sequences (Mason, 1996;
Moss & Beatty, 2006; Rossi Becker & Rivera, 2006). I shall
focus specifically on the way in which teachers create the
possibility for students to perceive things in certain ways
and encounter a cultural mode of generalizing. This new
way of perceiving sequences in certain efficient cultural
ways entails a transformation of the eye into a sophisticated
theoretician organ. This article is about just such a transfor-
mation. Drawing on the work of Vygotsky (1987) and
Husserl (1931, 1970), in the first part of the article I present
some theoretical ideas. In the second part I discuss two
episodes from a Grade 2 class.

Objectification
At birth, we all arrive in a world that is already replete with
concrete and conceptual objects. The world in front of us is
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not the Adamic world of untouched nature but a historical
world which, through objects and practices, conveys mean-
ings and forms of reasoning – aesthetic, ethical, mathematical,
scientific, and so on. Now, precisely because cultural forms of
reasoning have been forged and refined through centuries of
cognitive activity, they are far from trivial for the students.
Learning, I submitted elsewhere (Radford, 2008a), can be the-
orized as those processes through which students gradually
become acquainted with historically constituted cultural
meanings and forms of reasoning and action. Those processes
are termed processes of objectification (Radford, 2002; Rad-
ford, Miranda, & Guzmán, 2008). They entail a moment of
poēsis: a moment of ‘bringing-forth’ something to the realm
of attention and understanding. Poēsis is a creative moment of
disclosure – the event of the thing in consciousness.

The social dimension of objectification
Generally speaking, in school settings, the event of the thing
in consciousness, or the encounter and disclosure of new
objects of knowledge, occurs through specific classroom
activities. Through these activities, knowledge is correlated
with its objects. Indeed, objects of knowledge do not exist as
Kantian “things-in-themselves”: they exist only in the form
of activity. It is here that the pedagogical design of activities
– which includes forms of social interaction, and collabora-
tion, artifact use, choice of problems, their sequence, etc. –
acquires great importance. Through all its components, the
classroom mathematical activity defines the extension and
borders of a communal zone of proximal development that
houses the students’ processes of objectification. Although
the zone of proximal development (ZPD) is perhaps Vygot-
sky’s most frequently used concept in sociocultural
educational research, it is unfortunately the least understood
of all Vygotskian ideas. Usually it is quoted as the “discrep-
ancy between a child’s actual mental age and the level he
reaches in solving problems with assistance” (Vygotsky,
1986, p. 187). And often, it is understood as a simple space
of knowledge transmission: the space where the teacher dis-
patches knowledge to the student. [2] In other no less
unfortunate interpretations, the ZPD appears as something
intrinsic to the student. Indeed, the concept of ZPD is often
presented as if the student has his or her own ZPD, regard-
less of the sociocultural context within which he/she
develops. This simplification of Vygotsky’s original idea
overlooks the fact that the ZPD was Vygotsky’s construct to
account for the problem of the relationship between instruc-
tion and development. It overlooks the fundamental insight
that distinguishes Vygotsky’s approach from others, namely
that instruction leads the course of development and that
such a course depends on the kind of relationship that is cre-
ated between the student and her context. This is why, rather
than an absolute concept, the ZPD is a relational one (see
also Schneuwly, 2008). In particular, it is forged out of the
interaction between students, and between the students and
their teacher. The ZPD is not a kind of well-delimited and
rigid region that belongs to one particular student but a
social, complex system in motion with evolving tensions, a
point to which I shall come back later. The classroom exam-
ple that follows focuses on the ontogenetic transformation of
the students’ perception. It explores such a transformation as

a result of participating in something that seems to be miss-
ing in frogs, namely sign and artifact-mediated multi-
layered dynamic zones of proximal development.

A classroom example
The following example comes from an ongoing longitudinal
classroom study involving a Grade 2 class (7- to 8-year-old
students). I shall focus on two passages from a generalizing
activity. What I want to discuss is the manner in which the
students’ perception is transformed into a theoretical cultural
form of perception required to tackle generalizing questions.

Intention and perception

At the beginning of a five-day activity, the students and the
teacher explored some sequences together. Figure 1 shows
one of the sequences used in the classroom mathematical
activity.

In the first problem, the students were required to con-
tinue the sequence up to Term 6. In the next problem they
had to discuss whether or not the drawing of Term 8 by
Monique – an imaginary Grade 2 student – was exact (see
fig. 2 for the statement of the problem and the accompany-
ing figure). 

In dealing with problems 1 and 2, some students focused
on the numerical relationship between consecutive terms,
noticing that there were two more squares between one term
and the next. They did not take advantage of the spatial clues
suggested by the arrangements of the squares in each fig-
ure. Figure 3 shows two examples.

As shown on the middle part of Figure 3, Terms 5 and 6 of
the sequence were drawn as having a single row each. In
other cases, the figures were drawn as having more than
two rows (see fig. 3, right). Why? Contrary to what empiri-
cist psychology has claimed, the image of an object in

3

Figure 2. Monique draws this figure and argues that this is
Term 8 of the sequence. Do you agree?

Figure 3. (a) the moment in which a student (James) is
drawing Term 6. (b) James’ Terms 5 (top) and 6
(bottom). (c) Term 8 according to another student
(Sandra)

Figure 1. The first four terms of a sequence investigated in a
Grade 2 class
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consciousness is not the simple mapping of the object. What
is grasped of an object in a perceiving act is not the object in
its totality. This is true even of “simple” objects, for they pre-
sent to us many attributes (color, shape, weight, odor, and so
on). As Levinas (1989) remarked, the essential character of
perception is to be inadequate. This is why it is not enough for
the students to have the figures before their eyes. Instead of
being complete, human perception is selective or, as Husserl
said, intentional. In perception, Husserl (1931) argued,

I am turned towards the object, to the paper, for
instance…. Around and about the paper lie books, pen-
cils, ink-well, and so forth … but whilst I was turned
towards the paper there was no turning in their direc-
tion, nor any apprehending of them, not even in a
secondary sense. (p. 117)

To apprehend the books, an intentional act (a form of intuit-
ing it) has to come to the fore. In the same way, to apprehend
the terms as divided into two rows, a specific intentional
act has to lead perception, for “‘intuiting’ [an object] already
includes the state of being turned towards” it (Husserl, 1931,
p. 117). The problem for the students, then, is to attend to the
figures in a certain intentional way. They have to go beyond
the intentional stance focused on numerosity, which makes
the figures appear in a certain way in consciousness, to a dif-
ferent one, based on rows.

It seems that here we enter a vicious circle. To perceive a
feature O′ of an object O, a certain intentional act I′ is
required – an intentional act that will make available the
intentional object under the form of its feature O′. For, “[t]he
intentional object … first becomes an apprehended object
through a distinctively ‘objectifying’ turn of thought.”
(Husserl, 1931, p. 122, emphasis in original). But the point
is, and Husserl (1970) repeats it over and over, the inten-
tional act or manner of intuiting the object and the perceived
object thus objectified do not constitute two distinct aspects
of perception: they are together the very basic unit of per-
ception. To put it differently, intention and object co-emerge
in the objectifying perceptual process.

The question, however, remains: how do the students
move from a ‘mundane’ or every-day phenomenological
apprehension of the figures to a more sophisticated theoret-
ical one? The question can be answered in two different
ways. Since it is not just a matter of looking harder to the
figures for the theoretical structure to become disclosed, one
can argue that the mathematical problem or situation, if well
designed, should by itself promote in the student the kind
of scientific intention required. In other words, the inten-
tion and the mathematical structure should derive from the
student’s engagement with the mathematical problem.
Adopting a strong rationalist epistemology, this way of rea-
soning supposes that the student’s mind is somehow
equipped with the necessary scientific intuitions to build
intentions in a scientific way. The second answer rests on the
idea of development: the students are not mature enough
yet to perceive the scientific structure.

From the sociocultural theoretical perspective that I am
advocating here none of these answers is satisfactory. The
rationalist stance, upon which the first answer rests, makes it
unconvincing. I mentioned in the introduction that recent

research in anthropology and history casts serious doubts
on the idea of a single “natural” line of conceptual develop-
ment and questions the idea that human reason is moved by
the logic of the Enlightened scientific-based Reason por-
trayed by Kant and the 17th-century rationalists that
preceded him (Radford, 2008b). The second answer subju-
gates instruction to development. As mentioned previously,
Vygotsky’s idea of zone of proximal development shows
that the relationship in fact goes the other way around.

The domestication of the eye

Yet, to the experts’ eyes, perceiving the figures as divided
into two rows may seem a trivial endeavour. And surely it is.
But it is so only to the extent that the mathematicians’ eyes
have been culturally educated to organize the perception of
things in particular rational ways. The mathematicians’ eyes
have undergone a lengthy process of domestication. That
such a process is not “natural” is proven not only by results
from cross-cultural psychology (Geurts, 2002; Segall,
Campbell, & Herskovits, 1966) but also by our young stu-
dents’ responses. The domestication of the eye is a lengthy
process in the course of which we come to see and recognize
things according to “efficient” cultural means. It is the
process that converts the eye (and other human senses) into
a sophisticated intellectual organ – a “theoretician” as Marx
put it (Marx, 1998). Of course, I am not saying that the stu-
dents did not see two rows. They surely did. But they did not
deem it important to recognize the figures as being divided
into two rows. Geometric clues were relegated to the back-
ground of attention to yield space to numerical matters. The
capacity to perceive certain things in certain ways, the
capacity to intuit and attend to them in certain manners
rather than others, belongs to those sensibilities that students
develop as they engage in processes of objectification.

Let me now get back to the students. As usual, the stu-
dents worked in small groups of 2 or 3. When the teacher
came to see the work of James, Sandra and Carla, the stu-
dents had worked for about 31:50 minutes together. They
had finished drawing Terms 5 and 6, answered the question
about Monique’s Term 8 (which they considered to be Term
8 of the sequence) and tried (unsuccessfully) to find the
number of squares in Term 12. Noticing that the students
were dealing with the sequences by adding two rectangles
each time, the teacher engaged in collaborative actions to
create the conditions of possibility for the students to per-
ceive a general structure behind the sequence:

Teacher: Okay. … We are going to look at the squares at
the bottom … just the squares at the bottom …
[emphasizing the word bottom and slowly
moving her finger three times horizontally
from Term 1 to Term 4, the teacher points to
the bottom rows of the terms; see fig. 4a], not
those that are on the top [pointing to the bot-
tom row of Term 1]. In Term 1, how many …? 

Students: 1!

Teacher: [pointing to the bottom row of Term 2; see fig.
4b] Term 2? 

Students: 2!

FLM 30(2) - July 2010_30(2) - July 2010 FLM  24/05/10  7:29 PM  Page 4

Miri
Evidenzia

Miri
Evidenzia

Miri
Nota
Ragionano in modo ricorsivo, perché disegnano una figura della sequenza aggiungendo due rettangolini a quella precedente

Miri
Evidenzia

Miri
Nota
L'insegnante interviene perché percepiscano la struttura generale.

Miri
Evidenzia

Miri
Evidenzia

Miri
Evidenzia

Miri
Evidenzia

Miri
Evidenzia

Miri
Nota
Il fatto di averlo mosso per tre volte il dito lungo la seconda fila delle figure della sequenza.



Teacher: [continuing to point and speak in a rhythmic
manner, as she will do in the next interven-
tions, she points to the bottom row of Term 3]
Term 3?

Students: 3!

Teacher: [pointing to the bottom row of Term 4] Term
4?

Students: 4!

Teacher: [moving her hand to an empty space after
Term 4, the space where Term 5 would be
expected to be, she points to the imagined bot-
tom row of Term 5] Term 5?

Students: 5!

Teacher: [moving her hand again to another space, she
points to the imagined bottom row of Term 6]
Term 6?

Students: 6!

Teacher: [similarly, pointing to the imagined bottom
row of Term 7] Term 7?

Students: 7!

Teacher: [similarly, pointing to the imagined bottom
row of Term 8; see Fig. 4c] Term 8? 

Students: 8!

Sandra: There should be 8 on the bottom! 

Teacher: Excellent! Let’s see if she [Monique] has 8
[squares] on the bottom [of her figure]. 

Sandra: [counting the squares on Monique’s figure] 1,
2, 3, 4, 5, 6, 7, 8! Yes, she has 8! 

Teacher: Very well. Now we are going to check the top
[twice makes a slow gesture to indicate the
top rows of the figures]. We’ll look at the top.

The teacher repeated the same set of rhythmic pointing
gestures as the students answered each of her questions.
When they reached the top of Term 8 and figured out that
there were 9 squares, she invited the students to verify
Monique’s drawing. The teacher pointed one after the other
to the squares in the top row of Monique’s figure while San-
dra counted in a rhythmic way: “1, 2, 3, 4, 5, 6, 7, 8 …!?”.

The students were perplexed to see that, contrary to what
they believed, Monique’s Term 8 did not fit into the
sequence. Here activity reached a tension. Figure 5 shows
Sandra’s surprise. Sandra and the teacher remained silent for
2.5 seconds, that is to say, for a lapse of time that was 21
times longer than the average elapsed time between uttered
words that proceeded the moment of surprise. [3]

The poēsis of objectification

The previous interaction occurred in a zone of proximal
development. This zone consisted of the various perspec-
tives brought forward by the students and the teacher and
was shaped by the manner in which the participants pro-
gressively switched, revised, and refined their theoretical
stances towards the mathematical problem at hand. Zones of
proximal development are indeed both relational and
dynamic. They shift as the focus of attention shifts.

Now, while teachers cannot inject into the students’ con-
sciousness the object of knowledge, what they can do is to
create the conditions of possibility for the students to trans-
form the object of knowledge into an object of
consciousness (Radford, 2006). In the classroom episode
that I am discussing here, the teacher created the conditions
of possibility for the students to perceive a general structure
behind the sequence. And, as the example shows, the teacher
did so by mobilizing key semiotic resources. The shift of
attention from strict numerical matters to a more encom-
passing view of the sequence based on geometric-spatial
clues was made possible through an intense recourse to
pointing gestures, words, and rhythm. While gestures
allowed the teacher to point to the bottom row of the fig-
ures and words to qualify the number of the term, rhythm

Figure 4. (a) The teacher points slowly to the bottom rows of the terms. (b) The teacher and James point together to the bottom
row of Term 2, while Carla (left) and Sandra (right) look attentively. (c) The teacher helps the student imagine Term 8
as being present in the sequence and points to its imaginary bottom row.

Figure 5. (a) The teacher points to the last square in the top
row of Monique’s figure, while Sandra says “8”.
(b) Astonished by the result, Sandra stays still and
silently looks at the teacher for 2.5 seconds.
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served the crucial cognitive function of creating a spatial-
temporal order and expectation (You, 1994) that proved
important in the synthesis on which generalization rested. The
disclosing of the mathematical structure and the concomitant
poetic moment of objectification resulted from the complex
link of those semiotic means of objectification (gestures,
words, rhythm) that accompanied and oriented the students’
perceptual, aural, linguistic, and imaginative activity.

There is, I want to argue, an aesthetic experience in the
poetic moment of the encounter with the emerging mathe-
matical structure. The aesthetic experience and the poetic
moment have unfortunately been overlooked by rationalist
approaches that reduce them to a mere “cognitive conflict.”
There is much more to thinking than the cogitative rumina-
tions of the mind. Sandra was deeply surprised to see that
what had previously seemed so obvious (i.e., that Monique’s
figure was certainly Term 8 of the sequence) turned out not
to be so. This aesthetic experience is the opening towards a
new form of seeing. The teacher’s sustained look into San-
dra’s eyes in the long silent pause that followed the students’
discovery is a crucial form of communication in which two
consciousnesses meet in front of the cultural mathematical
meaning. Becoming aware of these poetic moments may
empower us teachers and mathematics educators to offer
the students room to enjoy these precious instants.

Counting the unseen

The previous episode took place towards the end of the math
class. The next day, the Grade 2 teacher started the math les-
son with a general discussion. She drew the figures on the
blackboard and discussed with the class a counting method
similar to the one used in Sandra’s group at the end of the
previous day. One month earlier, during the design of the
activities with the teacher, we decided that it would be impor-
tant to encourage several ways of perceiving the mathematical
structure behind the sequence. With this idea in mind, the
teacher appealed to a method that was devised by another
group of students. The method consisted of conceiving of the
figures as being divided into two rows, and counting sepa-
rately the dark square. As one of the students put it in dealing
with Figure 6, “We go 6 + 6 equal 12, plus one.”

As on the previous day, the teacher illustrated the method
through a complex use of gestures, words, and rhythm:

Teacher: [pointing to the number of the figure] Term 1
[pointing to the bottom line], one on the bot-
tom [pointing to the top], one on top [pointing
to the dark square], plus one.

Joined by the students, she counted in the same rhythmic
way the other figures up to Term 5 (see fig. 6).

The students were now able to tackle the activity’s sub-
sequent questions. Among these questions the students had
to find out the number of squares in figures that were not
perceptually accessible, such as Term 12 and Term 25. Here
is an excerpt from the dialogue of Sandra’s group as they
discuss without the teacher:

Sandra: [referring to Term 12] 12 plus 12, plus 1.

Carla: [using a calculator] 12 plus 12 … plus 1 equal
to …

James: [interrupting] 25.

Sandra: Yeah! 

Carla [looking at the calculator] 25!

Then, a few minutes later, dealing with Term 25, Carla
quickly says: “25 + 25 + 1 equals 51.” 

Concluding remarks
In this article, I discussed the manner in which the students’
perception was transformed into a higher and more sophis-
ticated form of perception as required in the generalization
of numerical-geometric sequences.

In the first part, I suggested that learning can be conceptu-
alized in terms of processes of objectification, that is, those
processes in the course of which, through action and reflec-
tion, the students come to notice and acquire fluency with
certain cultural forms of mathematical reasoning. In the sec-
ond part, I presented an example of becoming acquainted
with a form of mathematical thinking required in generaliza-
tion tasks. The generalization of numerical-geometric
sequences like the one discussed in this paper required the
students to perceive the terms of the sequence in a certain
way. To attend something in a certain way, and to “intuit” it in
a specific form, to use Husserl’s concepts, requires a specific
intentional act. The object as it appears in consciousness and
the intention to perceive it are coterminous. The problem was
then to account for that which would allow the students to
move from an initial perception of the given terms of the
sequence into a more sophisticated one. We saw that such a
transformation was crucial to ensuring the students’ increased
fluency in a complex form of mathematical reasoning vital
to their road towards algebra. This transformation, I sug-
gested, is part of the domestication of the eye, or – if one so
prefers – in educating the eye, that is to say, in converting it
into a cultural-theoretical organ of perception. 

Gaining fluency in complex mathematical forms of rea-
soning does not, of course, consist of a mere transmission of
knowledge. It would be a mistake to see in the previous pas-
sages the teacher merely “transmitting” a generalizing
method. The sophisticated form of generalization reached by
the students during the activity required the emergence of cer-
tain sensibilities, such as perceiving the figures in certain
ways that facilitate the calculations required to answer ques-
tions about Terms 12, 25, 100, or other figures beyond the
perceptual sensorial realm. The poetic moment of disclosure
of the general structure behind the sequence discussed in this
paper was the result of a joint student-teacher interaction.
This moment – the event of the thing in consciousness – was
much more than a negotiation of meanings and an exchange

Figure 6. The teacher and the students counting rhythmi-
cally say (a) “Term 5”, (b) “5 on the bottom”, (c)
“5 on top”, (d) “plus 1.”
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of points of view. It was rather a Bakhtinian heteroglossic
merging of voices, pointing gestures, perceptions, and per-
spectives. The poetic moment at the heart of the
objectification process was made possible by the teacher’s
and the students’ evolving shifts of attention in a zone of
proximal development mediated by a complex configuration
of semiotic resources – in particular, gestures, language,
and rhythm.

Becoming aware both of how such resources can be mobi-
lized and of the complexities behind zones of proximal
development can be an important element in our under-
standing of the phenomena accompanying the learning and
teaching of mathematics. This awareness might lead in par-
ticular to revisiting the teacher-student relationship formed
in the act of knowing (Ligozat & Schubauer-Leoni, 2009).
The students’ accomplished generalization may not be as
sophisticated as a symbolic generalization such as 2x + 1,
which could be expected from older students. Yet, although
our young students’ generalization is not expressed through
alphanumeric signs, it is, I want to argue, algebraic in its own
way. The “formula” through which such a generalization is
expressed is not made up of letters and other signs (e.g., “+”).
It is made up of actions. It is better to see it as an embodied
formula that, instead of being expressed through letters, is
expressed through actions unfolding in space and time. The
evolution of the students’ embodied formula into more
sophisticated, purely alphanumeric formulas requires, we can
conjecture, a supplementary refinement of the eye and is, of
course, a matter for further investigation.

Notes
[1] This article is a result of a research program funded by The Social Sci-
ences and Humanities Research Council of Canada / Le Conseil de
recherches en sciences humaines du Canada (SSHRC/CRSH).
[2] This interpretation is embedded in a general and equally erring idea
according to which teaching, in Vygotskian sociocultural approaches,
amounts to knowledge transmission. Better than anyone else, construc-
tivists have been instrumental in promoting such misunderstood
interpretations (see, e.g., Cobb & Yackel, 1996).
[3] These results come from an analysis that we conducted using the voice
analysis dedicated software Praat v. 5.1.04, developed by P. Boersma and
D. Weenink. See www.prat.org.
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